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We consider composite bosons (cobosons) comprised of two elementary particles, fermions or
bosons, in an entangled state. First, we show that the effective number of cobosons implies the level
of correlation between the two constituent particles. For the maximum level of correlation, the effec-
tive number of cobosons is the same as the total number of cobosons, which can exhibit the original
Bose-Einstein condensation (BEC). In this context, we study a model of BEC for indistinguishable
cobosons with a controllable parameter, i.e., entanglement between the two constituent particles.
We find that bi-fermions behave in a predictable way, i.e., the effective number of the ground state
coboson is an increasing function of entanglement between a pair of constituent fermions. Interest-
ingly, bi-bosons exhibit the opposite behaviour - the effective number of the ground state coboson
is a decreasing function of entanglement between a pair of constituent bosons.
I. INTRODUCTION
The idea of Bose-Einstein condensation (BEC) was
originally introduced for a uniform, non-interacting gas
of elementary bosons [1]. In reality, BEC experiments are
conducted using potential traps for gases of bosonic parti-
cles, like alkali atoms, atomic hydrogen or metastable he-
lium, that are composite particles made of fermions, and
for which inter-particle interactions cannot be neglected
[2–4]. Alternative BEC scenarios also take into account
composite systems, e.g., condensation of fermionic pairs
in liquid 3He [5] or excitons (electron-hole pairs) in bulk
semiconductors [6–10]. In addition, these BEC scenarios
are closely related to other macroscopic quantum phe-
nomena like superfluidity and superconductivity [11, 12].
In many studies the internal structure of composite
particles is neglected. On the other hand, it was noted
that in some cases this structure plays an important role
[13–19]. Therefore, it is interesting to see how BEC can
be affected by the internal structure of composite bosonic
particles. Previously BEC was investigated with the in-
terpolation between bosonic and fermionic statistics [20],
and with individual exchanges between the constituent
fermions [21].
In this work we consider a simple model of BEC
with composite bosonic particles. In particular, we as-
sume that neither the composite particles nor their con-
stituents interact, such that the internal structure of com-
posite particles is stable and temperature independent.
Of course, the bound states between constituent parti-
cles have to result from their interaction. However, here
we assume that once the constituents form a composite
particle state, they do not interact anymore. Physically,
this may correspond to a dilute gas of composite particles
for which energy scales of a binding interaction potential
∗Electronic address: phykd@nus.edu.sg
between constituents are much greater than energy scales
of the confining trap. As an example, one may think of
an atomic hydrogen gas in which ionization temperature
is much higher than the standard temperatures required
to obtain BEC. Such a simplified model allows us to fo-
cus on the fundamental problem of how BEC depends on
the internal state of composite particles, while neglecting
other physical properties.
Nowadays, the phenomenology of composite bosons
such as excitons, can be explained using the tools de-
veloped by quantum information theory [19]. The role
of quantum correlations between constituents forming a
bound composite particle state can be studied qualita-
tively and quantitatively using the notion of entangle-
ment. In particular, it was shown that the degree of
entanglement between a pair of fermions (bosons) is re-
sponsible for their behavior as a single bosonic particle,
i.e., only entangled particles behave like a single boson
and the more entanglement between them, the more their
joint bosonic nature is [22].
When even number of particles behaves as boson, the
composite particle is called composite boson (coboson).
The concept of entanglement was first introduced to co-
boson with the quantification of the purity of the reduced
subsystems [22]. Then, the analysis of coboson presented
that extremizing the purity enhances the bosonic behav-
ior [23–26]. To study on how coboson imitates elemen-
tary boson, there were other approaches, such as com-
mutator formalism [19], adding and subtracting a single
coboson [27], multiple interference of many-coboson [28],
deformed oscillators [29, 30], and open quantum system
[31]. Some of the coboson schemes were applied to the
investigation of Cooper pairs [32], hydrogen atoms [23],
super-bunching effect [33], coherent states [34], and quan-
tum Szilard engine [35]. Here, we raise the question: how
much does coboson BEC deviate from the behavior of a
BEC comprised of ideal bosons, using a controllable pa-
rameter, i.e., entanglement between the two constituent
particles?
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2Before we start our discussion, let us recall the im-
portant results that are relevant to this work. Imagine
a pair of distinguishable fermionic or bosonic particles.
The system is described by the creation operators aˆ†k
and bˆ†l , where the indices k, l = 0, 1, . . . ,∞ label different
modes that can be occupied by the two particles. These
modes can for example correspond to different energies,
or different momentum states. The wave function of the
system is of the form
∞∑
k,l=0
αk,laˆ
†
k bˆ
†
l |0〉, (1)
where αk,l is the probability amplitude that particle a
is in mode k and particle b is in mode l, and |0〉 is the
vacuum state. Using insights from entanglement theory,
the mathematical procedure known as the Schmidt de-
composition allows us to rewrite the above state as [22]
∞∑
m=0
√
λmaˆ
†
mbˆ
†
m|0〉 ≡ cˆ†|0〉, (2)
where the modes labeled by m are superpositions of the
previous modes k and l and
√
λm are probability am-
plitudes that both particles occupy mode m. Note that
despite the fact that aˆ†m and bˆ
†
m share the same label,
physically these modes might be totally different. What
is important is that, the modes labeled by m give rise to
the internal structure of a composite particle.
We introduce a composite boson creation operator cˆ†,
that creates a pair of particles. Note that this opera-
tor resembles the one for Cooper pairs [19]. The entan-
glement between particles is encoded in the amplitudes√
λm. In particular, one can introduce a measure of en-
tanglement known as purity
P =
∞∑
m=0
λ2m, 0 < P ≤ 1. (3)
For P = 1 the particles are disentangled, whereas in the
limit P → 0 the entanglement between particles goes
to infinity. The degree of entanglement can be also ex-
pressed via the so called Schmidt number K = 1/P . In-
tuitively, K estimates the average number of modes that
are taken into account in the internal structure of a com-
posite boson.
The bosonic properties of cˆ† can be studied in many
ways. For example, the commutation relation gives
[cˆ, cˆ†] = 1 + ξ
∑
λm(aˆ
†
maˆm + bˆ
†
mbˆm), where ξ = −1 if
a and b are fermions, or ξ = +1 if they are bosons. On
the other hand, following the approach in [22] one may
study the ladder properties of this operator
|n〉 ≡ χ−1/2n
(cˆ†)n√
n!
|0〉,
cˆ|n〉 =
√
χn
χn−1
√
n|n− 1〉+ |n〉, 〈n− 1|n〉 = 0,(4)
〈n|n〉 = 1− n χn
χn−1
+ (n− 1)χn+1
χn
,
where |n〉 are states of n composite bosons, parameters
χn are normalization factors, such that 〈n|n〉 = 1, and
|n〉 are unnormalized states that can result from sub-
tracting a single composite particle from a state |n〉. The
states |n〉 do not correspond to n−1 composite bosons of
the same type, but rather to a complicated state of n−1
pairs of particles a and b. The ladder structure of oper-
ators cˆ† and cˆ starts to approach those of ideal bosons if
χn+1
χn
→ 1 for all n. In Ref. [22, 23] it has been shown
that for a pair of fermions the ratio χn+1χn can be bounded
from above and below by the function of entanglement
1− nP ≤ χn+1
χn
≤ 1− P.
Then, it has been improved with a tighter upper bound
[24]
1− nP ≤ χn+1
χn
≤ 1− nP
1 + (n− 1)√P ≤ 1− P.
This result shows that in the limit of large entanglement
(P  1/n) the pairs of particles behave like elementary
bosons.
To simplify our model, we assume BEC in Gaussian
states which are represented by a combination of coher-
ent, thermal, and squeezed states. Assuming that com-
posite bosons are in a thermal state or in a harmonic
trap, we can describe the composite bosons with a Gaus-
sian state. Thus, the Gaussian formula of the composite
bosons is represented by the following modified operator
that is based on the one studied in [22]
cˆ†r =
∞∑
m=0
√
(1− x)xmaˆ†m,r bˆ†m,r, (5)
where the double indices refer to internal (m) and to
external degrees of freedom (r). The internal index m
may represent their position values. In our case r la-
bels the energy levels of the trap in which the BEC
takes place. Moreover, as we assumed in the begin-
ning, the internal structure parameters λm = (1− x)xm
(for 0 ≤ x < 1) are independent of r. The inter-
nal structure parameter λm is equivalent to the coef-
ficient of a two-mode squeezed vacuum (TMSV) state,
|TMSV 〉 =∑∞m=0√(1− r)rm|m〉a|m〉b, which is a typ-
ical two-mode Gaussian state. The above operator has
desirable properties, since it is possible to analytically
evaluate the factors χn and one can control the entangle-
ment between constituents a and b via the parameter x
[22]. For x = 0 the system is separable and in the limit
x→ 1 entanglement goes to infinity. In addition
0 ≤ (χn+1
χn
)F =
xn(n+ 1)(1− x)
(1− xn+1) < 1 (6)
for a pair of fermions [22] and
1 < (
χn+1
χn
)B =
(n+ 1)(1− x)
(1− xn+1) ≤ n+ 1 (7)
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FIG. 1: BEC using indistinguishable cobosons in (a) a two-
level system and (b) a multi-level system.
for a pair of bosons [22]. Finally, the Schmidt number is
given by [22]
K =
1 + x
1− x. (8)
The entanglement parameter x is explained with a single
hydrogen system in a harmonic trap. The correspond-
ing wave function is given by the product of the ground-
state harmonic oscillator and the ground-state electron
wave functions, f(R, b)f(r, a0) [23]. R and r represent
the positions of the proton and electron, respectively. b
is a length parameter characterizing the size of the trap,
and a0 is the Bohr radius. Then, the purity of the hy-
drogen atom is written as P ∼ a30/b3 [23]. It is related
to the entanglement parameter x by the Schmidt number
K = 1/P = (1 + x)/(1− x). Thus, the entanglement pa-
rameter x is given in terms of x ∼ [1−a30/b3]/[1+a30/b3].
Therefore, we observe that the entanglement parameter
x increases with the length of the size of the trap. It
represents that the two distinguishable particles (proton
and electron) become more indistinguishable.
The rest of the paper is organized as follows. We be-
gin with investigating the meaning of 〈cˆ†r cˆr〉. Then, we
discuss the BEC of composite bosons made of fermionic
pairs. We consider two cases, a potential trap with only
two levels and the 3D harmonic potential trap with an in-
finite number of energy states. Next, we repeat the same
for the composite bosons made of bosonic pairs. Finally,
we analyze our results in the last section.
II. EFFECTIVE NUMBER OF COBOSONS
To count the number of bosons in a specific state, the
corresponding bosonic number operator is used. Then,
Bose-Einstein condensation (BEC) is investigated by
counting the number of bosons in a ground state. Sim-
ilarly, we consider the coboson effective number opera-
tor as a pseudo counting number operator, and observe
the phenomena of coboson BEC by counting the pseudo
number. In the limit of a high entanglement (low density)
between two constituent particles, the coboson effective
number operator corresponds to the bosonic number op-
erator, and then the coboson BEC becomes equivalent to
the original BEC.
In the case of two constituent fermions in a multi-level
system, the coboson effective number operator is a good
indicator for counting the number of cobosons, due to
the Pauli exclusion principle. In regimes where the en-
tanglement between two constituent fermions is lower, all
the cobosons move to different energy levels so that the
coboson effective number operator counts just one cobo-
son. In the case of two constituent bosons, the coboson
effective number operator cannot be a good indicator for
counting the number of cobosons, due to the bunching
effect from each constituent boson. In regimes where the
entanglement between two constituent bosons is lower,
the coboson effective number operator counts more than
the total number of cobosons. Thus, we can say that
the coboson effective number operator is a good indi-
cator for counting number of bi-fermions in multilevel
systems, whereas it exhibits interesting phenomena with
bi-bosons.
We look into the meaning of the effective number of
cobosons. Using the Eqs. (4) and (5), we evaluate the
effective number of cobosons in an N number state |N〉r,
which represents N cobosons on the r-th energy level,
r〈N |cˆ†r cˆr|N〉r = 1 + (N − 1)
χN+1
χN
,
where (χN+1/χN ) = 1 as the cobosons become ideal
bosons. The ratio χN+1/χN is related to the entan-
glement between the constituent fermions (bosons). By
many-body effects between two distinguishable fermions
[36], the ratio can be approximated as χN+1/χN ∼
1−Nr3/w3. r is the range of the fermion distribution in-
side one coboson, w is the width of one coboson, and N is
the number of the cobosons. When the width of one co-
boson increases, the two distinguishable fermions become
more indistinguishable. Thus, the entanglement between
the constituent fermions increases. Therefore, the ratio
χN+1/χN increases towards one. In the case of two dis-
tinguishable bosons, the ratio can be approximated as
χN+1/χN ∼ 1 +Nr3/w3. With the increasing entangle-
ment between the two distinguishable bosons, the width
of one coboson increases so that the ratio χN+1/χN gets
closer to one.
For pairs of fermions, the normalization ratio
(χN+1/χN )F is less than one due to the Pauli exclusion
principle between pairs of fermions. Thus, r〈N |cˆ†r cˆr|N〉r
is less than the number of cobosons. It is explained that
the other cobosons move to other energy levels due to the
Pauli exclusion principle, which requires the number of
cobosons to be less than the number of energy levels. For
pairs of bosons, the normalization ratio (χN+1/χN )B is
larger than one due to the bunching effect from the each
constituent boson. Thus, r〈N |cˆ†r cˆr|N〉r is larger than
the number of cobosons, which means that the extra co-
bosons came out of wave nature of the two constituent
4bosons. It is explained by the second-order correlation
functions which represent intensity-intensity correlations
[37], as below.
Expanding the Eq. (5) in the r〈N |cˆ†r cˆr|N〉r, the effec-
tive number of the cobosons is given by
r〈N |cˆ†r cˆr|N〉r =
∞∑
n=m
λn〈aˆ†n,raˆn,r bˆ†n,r bˆn,r〉 (9)
+
∞∑
n 6=m
√
λnλm〈aˆ†n,raˆm,r bˆ†n,r bˆm,r〉.
The first term is the sum of unnormalized second-order
correlation functions. The second term is, we called,
the sum of cross correlation functions. According to
the second-order correlation functions G(2)[37], Gaus-
sian states of bosons exhibit bunching effect with 1 <
G(2) < ∞ whereas fermions exhibit anti-bunching effect
with 0 ≤ G(2) < 1. Based on the information of the
G(2) functions, thus, we can understand the mean of co-
bosons as follows. By bunching effect, pairs of bosons can
produce 〈cˆ†cˆ〉 larger than the number of cobosons. On
the other hand, pairs of fermions can reduce the number
of cobosons by anti-bunching effect, expelling the other
cobosons to other energy levels.
Therefore, the effective number of cobosons represents
the level of correlation between the two constituent parti-
cles. For the maximum level of correlation, each coboson
behaves like a boson. For the weak level of correlation,
each constituent particle exhibits its own property so the
coboson does not behave like a boson any more. As a
controllable parameter for the level of correlation, here,
we consider the degree of entanglement between the two
constituent particles.
In the next sections, we deal with the effective num-
ber of cobosons in a two-level system and a multi-level
one, using the entanglement between the two constituent
particles.
III. BI-FERMION: A PAIR OF FERMIONS
We consider indistinguishable cobosons in a two-level
system and in a multi-level system, where each coboson
is comprised of two fermions (bi-fermion). Although the
effective number of cobosons in the ground state does not
exhibit a BEC phase transition in the two-level system, it
is still interesting to compare its thermal behaviour with
respect to a two-level system occupied by N cobosons.
We investigate the case in which indistinguishable co-
bosons are in a Gaussian state, such that the normaliza-
tion ratio of the coboson operator is represented by the
parameter x [22]. From Eq. (8), x represents the de-
gree of entanglement between a pair of fermions, where
x = 0 (x = 1) means that a pair of fermions are separable
(maximally entangled).
A. Two-level system: Simplified model
First we consider a two-level system with a fixed num-
ber of N cobosons, see Fig. 1 (a). The thermal state of
this system reads
ρ =
1
Z
N∑
n=0
e−βnE0e−β(N−n)E1
|n,N − n〉〈n,N − n|, (10)
where the total number of cobosons is N and
|n,N − n〉 = (cˆ
†
0)
n
√
χnn!
(cˆ†1)
N−n√
χN−n(N − n)!
|0, 0〉,
Z =
N∑
n=0
e−βnE0e−β(N−n)E1 ,
where β = 1/(kBT ) and χn (χN−n) is a normalization
constant [22]. E0 and E1 denote the energy levels. We
derive the effective number of cobosons in the ground
state as
〈nˆ0〉 = Tr[cˆ†0cˆ0ρ] (11)
=
1
Z
N∑
n=0
e−βnE0e−β(N−n)E1 [1 + (n− 1)χn+1
χn
].
Putting E0 = 0 and E1 = 1, the Eq. (11) becomes
〈nˆ0〉 = 1
Z
N∑
n=0
e−β(N−n)[1 + (n− 1)χn+1
χn
], (12)
where the partition function Z is given by 1−e
−β(N+1)
1−e−β .
For a Gaussian state, the normalization ratio is given
by Eq. (6). When a pair of fermions is not entangled
(x = 0), the effective number of cobosons in the ground
state becomes equal to one, regardless of temperature. In
other words, for x = 0 there are only two levels that can
be occupied by fermionic pairs. Therefore at most two
pairs can occupy them due to Pauli exclusion principle.
When a pair of fermions is maximally entangled (x = 1),
the effective number of cobosons in the ground state is
given by
〈nˆ0〉x=1 = 1
1− e−β(N+1) [N −
e−β(1− e−βN )
1− e−β ] (13)
β→∞−−−−→ N.
Hence for maximally entangled fermions the 〈nˆ0〉 con-
verges to N as temperature tends to zero. In this case
the cobosons behave like elementary bosons. The effec-
tive number of cobosons is equal to the total mean occu-
pation number of cobosons (N) so that all the cobosons
occupy the ground state.
For near maximal entanglement (K  N) between a
pair of fermions, we can derive the analytical result by
taking the normalization ratio χn+1/χn ≈ 1− n/K [22].
As T → 0 (β →∞), the 〈nˆ0〉 is given by
5〈nˆ0〉 = 〈nˆ0〉x=1 − N
K(1− e−β(1+N)) [N − 1−
2e−β
1− e−β +
2e−β(1− e−βN )
N(1− e−β)2 ]
T→0−−−→ N − N(N − 1)
K
≥ 0, (14)
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FIG. 2: Effective number of ground state coboson (N = 100)
in a two-level system as a function of T : from the bottom
to the top (x = 0.995, 0.999, 0.9999). The curves are 〈nˆ0〉
defined in Eq. (12), where the normalization ratio is given by
Eq. (6). It indicates that 〈nˆ0〉 increases with the degree of
entanglement (x) between a pair of fermions.
where the Schmidt number K is represented by the pa-
rameter x in Eq. (8). From Eq. (8) and the condi-
tion K  N , the parameter x has the following range
N−1
N+1 < x < 1. For N = 100 we have 0.98 < x < 1.
When the Schmidt number K goes to infinity, then the
〈nˆ0〉 goes to one. All the cobosons occupy the ground
state energy level E0.
In Fig. 2 we plot the 〈nˆ0〉 as a function of T against
the range of 0.98 < x < 1. The 〈nˆ0〉 increases with
the degree of entanglement as well as with decreasing
temperature. This coincides with the behaviour of an
ideal bosonic gas. As T → ∞, the 〈nˆ0〉 of cobosons
being perfect bosons is saturated with N/2. When x is
slightly less than 1, the saturation value of cobosons for
T → ∞ can be less than N/2. Note that 〈nˆ0〉 < N/2
is not available in the two-level system because the sum
of the effective numbers is less than the total occupation
number N , as 〈nˆ0〉+ 〈nˆ1〉 < N . Due to the reason, it is
natural to consider BEC in a multi-level system.
B. Multi-level system: Realistic model
Let us now consider a more realistic physical sys-
tem consisting of cobosons distributed over the infinitely
many energy levels of a 3D isotropic harmonic trap, see
Fig. 1 (b). We fix the average number of cobosons to
be 〈Nˆ〉 = N and describe the system via a grand canon-
ical ensemble with a chemical potential µ. In this paper
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FIG. 3: Effective number of ground state coboson
(〈Nˆ〉 = 100) in a multi-level system as a func-
tion of T/T0: from the top to the bottom (x =
0.9999, 0.99, 0.98, 0.97, 0.8, 0.7, 0.001). The small
box on the right-side corner represents the 〈Nˆ0〉 for x =
0.8, 0.7, 0.001. The curves are 〈Nˆ0〉 defined in Eq. (17),
where the normalization ratio is given by Eq. (6). It indi-
cates that 〈Nˆ0〉 increases with the degree of entanglement (x)
between a pair of fermions. Also, the corresponding transition
temperature as the point at which there are no cobosons in
the ground state, increases with the degree of entanglement
(x).
we do not take the proper thermodynamical limit (such a
limit cannot be attained in real experiments) and thus we
cannot observe a genuine BEC phase transition. In a crit-
ical temperature, there is a true transition to BEC which
takes the number of particles and the volume to infinity
under a constant density. However, it is not possible in
real systems. Instead of that, in finite systems, people
observed an abrupt transition at some temperature and
then a macroscopic number of particles in a lowest energy
state. In finite systems, thus, the accumulation point is
dealt with a pseudo-critical temperature T0. Here, we
follow Mullin [39] and investigate the “pseudo-critical”
temperature T0 below which the increase in the chem-
ical potential slows and the number of particles in the
ground state begins increasing rapidly. We observe that
the accumulation point increases with the entanglement
parameter x, numerically.
In the grand canonical ensemble, the effective number
of the m-th energy level Em and the total effective num-
6ber are given by
〈Nˆm〉 = 1
Zm
∞∑
n=0
e−β(Em−µ)n[1 + (n− 1)χn+1
χn
],
N =
∞∑
m=0
〈Nˆm〉, (15)
where Nˆm = cˆ
†
mcˆm and Zm = (1 − e−β(Em−µ))−1.
The energy levels in the 3D isotropic harmonic poten-
tial are given by Em = ~ω(mx +my +mz + 3/2), where
mx, my, mz = 0, 1, 2... The normalization ratio is given
by Eq. (6). When a pair of fermions is not entangled
(x = 0), the effective number in the ground state is given
by
〈Nˆ0〉 = 1
e−βµ − 1 − (1− e
βµ)
∞∑
n=0
eβµn(n− 1) = 1, (16)
where the energy E0 has been taken to be zero. It ex-
hibits that only one pair of fermions stay on the ground
state energy level E0, irrespective of T . Note that we can-
not find any temperature dependance of 〈Nˆ0〉 for x = 0.
When a pair of fermions is maximally entangled (x = 1),
the effective number of the ground state energy level be-
comes the same as the Bose-Einstein distribution. In
this scenario we perfectly recover the conventional Bose-
Einstein condensation results.
For all regime of x (0 < x < 1), the effective num-
ber of cobosons in the ground state can be numerically
estimated using the approximations,
〈Nˆ0〉 ≈ 〈Nˆ0〉f −N( T
T0
)3S, (17)
〈Nˆ0〉f = (1− e−1/N )
∞∑
n=1
e−n/N [1 + (n− 1)χn+1
χn
],
S =
∞∑
n=1
(
1
n3
− e
−1/N
(1 + n)3
)e−n/N [1 + (n− 1)χn+1
χn
],
where S approaches ζ(3) =
∑∞
p=1
1
p3 ≈ 1.202 as N →∞
and x → 1, i.e., for an infinite number of maximally en-
tangled cobosons. The pseudo-critical temperature T0 is
given by hkB
√
U0
m ρ
1/3 [39], where ρ is the average den-
sity, m is the mass of a particle, and U0 is the isotropic
harmonic potential. 〈Nˆ0〉f represents the effective num-
ber in the finite harmonic systems. The effective num-
ber 〈Nˆ0〉f satisfies the boundary conditions, 〈Nˆ0〉f ≈ 1
at x ∼ 0 (almost no entanglement) and 〈Nˆ0〉f ≈ N at
x = 1 (maximal entanglement). For near maximal en-
tanglement between the two constituent fermions, the
detailed calculations are given in the Appendix.
We plot the effective number of cobosons in the ground
state 〈Nˆ0〉 as a function of T/T0 for different x in Fig.
3. The 〈Nˆ0〉 increases with decreasing temperature as
well as with the degree of entanglement between the two
constituent fermions. At T/T0 ∼ 0, we find that as the
entanglement approaches 0, the 〈Nˆ0〉 converges to 1. It is
possible that only one pair of fermions occupy the ground
state whereas the rest of pairs of fermions occupy all the
different energy levels. Thus, different from the two-level
system, we can observe the 〈Nˆ0〉 in all regime of x. In
Fig. 3, we can also see that the transition temperature
is an increasing function of entanglement, where we have
defined the transition temperature as the point at which
there are no cobosons in the ground state. This reflects
the fact that the 〈Nˆ0〉 increases with the degree of entan-
glement.
We can find that our model has some similarities with
the references [14, 20]. In the reference [14], for a Gaus-
sian state, the maximum occupation number is approx-
imated as 2(W/v)3, where W is the width of the one-
boson state and v is the width of the fermion distribution
inside one boson. So the maximum occupation number
increases with the width of the one-boson state. In our
model, the effective number of bi-fermions in the ground
state increases with the entanglement between the two
constituent fermions. The entanglement corresponds to
the width of the one-boson state, such that the effective
number of bi-fermions in the ground state corresponds
to the maximum occupation number at T → 0. In the
reference [20], which is about N quons that interpolate
between bosonic and fermionic statistics, the condensate
depletion is represented by (N −N0)/N0. N0 is given by
1− qN/(1− q), in which q = 1(−1) for boson (fermion).
For q = 1 (boson), the condensate depletion is equal to
0 which corresponds to our result that all the cobosons
are in the ground state at T → 0. For q = −1 (fermion),
the condensate depletion for odd N is equal to N − 1
which also corresponds to our result that only one pair
of fermions stay on the ground state at T → 0.
As an example, we consider how T0 (pseudo-critical
temperature) and Tc (critical temperature) are differ-
ent in a BEC comprised of atomic hydrogen gas for
which T ec (experimental critical temperature) was ob-
served at 50µK [40]. Given the density of the hydro-
gen BEC (n = 1.8 × 1020m−3), the corresponding theo-
retical critical temperature in the thermodynamic limit
is obtained as T tc =
h2
2pimkB
( nζ(3/2) )
2/3 ≈ 51µK. For
the finite N systems, the corresponding pseudo-critical
temperature is derived by taking the Eq. (11) of [38],
Tc/To = 1−0.7275/N1/3. Given N = 109 atoms [40], the
pseudo-critical temperature increases only 0.073% from
the critical temperature. Thus, the experimental and
theoretical pseudo-critical temperatures are 50.0364µK
and 51.0371µK, respectively. We find that, for a large
number of N , there is almost no difference between the
pseudo-critical temperature and the critical temperature.
IV. BI-BOSON: A PAIR OF BOSONS
We consider cobosons comprised of two bosons (bi-
boson). For a Gaussian state, the normalization ratio is
represented by Eq. (7). Here x parametrizes the degree
7of entanglement between a pair of bosons. An example of
a coboson is a bi-photon generated by spontaneous para-
metric down conversion, which exhibits composite behav-
ior even if the two photons are spatially separated [22].
To keep bi-photons together, we can consider a dye solu-
tion which repeatedly absorbs and re-emits photons [41].
Previously bi-bosons were considered for super-bunching
effect [27, 33], and recently bi-boson systems in an optical
lattice were used to observe the correlations in quantum
walks [42].
A. Two-level system: Simplified model
We consider a two-level system with a fixed number of
N cobosons. All the formulas used in the previous sec-
tion are applied here as well - the only difference is the
normalization ratio χn+1/χn. As we mentioned in Sec.
II, due to the bunching effect from the each constituent
boson, the effective number of cobosons can be larger
than the total mean occupation number of cobosons (N)
when the degree of entanglement between the two con-
stituent bosons is quantified by a value of x < 1. When
a pair of bosons is not entangled (x = 0), from Eq. (12)
the effective number of cobosons in the ground state is
given by
〈nˆ0〉x=0 = N
1− e−β(1+N) [N −
2e−β
1− e−β +
e−β(1 + e−β)(1− e−βN )
N(1− e−β)2 ]
T→0−−−→ N2, (18)
where β = 1/(kBT ). Hence for separable bosons the
〈nˆ0〉x=0 converges to N2 as temperature tends to zero.
Although the cobosons are no longer behaving like ideal
bosons, the dissociated components of each bi-boson pair
will both independently exhibit bosonic behavior. This
causes the 〈nˆ0〉 to increase as the entanglement between
the two constituent bosons decreases. We can see this
directly from the formula for cˆ† in Eq. (5). At x = 0 (no
entanglement), the coboson operator is represented by
the direct product of each component field operator, cˆ† =
aˆ†bˆ†. As T → 0, from Eq. (12), the state of cobosons in
the ground state can be described by the coboson number
state |N〉. So the effective number of the cobosons in the
ground state is given by
〈N |cˆ†cˆ|N〉 = 〈Na, Nb|aˆ†aˆbˆ†bˆ|Na, Nb〉 = N2, (19)
where a and b represent different modes. Note that the
effective number of bi-bosons is not the same as the mean
occupation number of the dissociated components of bi-
bosons (2N) at x = 0. It can be explained that the enor-
mous value N2 comes out of the sum of the correlation
functions in Eq. (9), where the correlations functions can
exhibit super-bunching effects by wave nature. When a
pair of bosons is maximally entangled (x = 1), the 〈nˆ0〉
converges to N as temperature goes to zero.
For near maximal entanglement (K  N) between
a pair of bosons, we can make the approximation,
χn+1/χn ≈ 1+n/K [22]. As T → 0, the 〈nˆ0〉 approaches
〈nˆ0〉 = 〈nˆ0〉x=1 + N
K(1− e−β(1+N)) [N + 1−
2e−β
1− e−β +
2e−2β(1− e−βN )
N(1− e−β)2 ]
T→0−−−→ N + N(N + 1)
K
≥ N, (20)
where 〈nˆ0〉x=1 is given by Eq. (13). If the Schmidt num-
ber K goes to infinity, then the 〈nˆ0〉 goes to N . For all
regimes of x (0 < x < 1), we plot the 〈nˆ0〉 as a func-
tion T in Fig. 4. The 〈nˆ0〉 decreases with increasing
temperature as well as with the degree of entanglement
between the two constituent bosons. At T ∼ 0, the 〈nˆ0〉
is maximized as a decreasing function of entanglement
which ranges from N2 to N . In contrast to cobosons
comprised of fermions, therefore, the 〈nˆ0〉 decreases with
entanglement between the two constituent bosons, due to
the super-bunching effects between the two constituent
bosons.
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FIG. 4: Effective number of ground state coboson (N = 100)
in a two-level system as a function of T/T0: from the bottom
to the top (x = 0.9999, 0.99, 0.8, 0.7, 0.5, 0.2, 0.001). The
small box on the right-side corner represents the condensate
fraction for x = 0.9999, 0.99. Here x represents the degree
of entanglement for a pair of bosons. The curves are 〈nˆ0〉
defined in Eq. (12), where the normalization ratio is given by
Eq. (7). It indicates that 〈nˆ0〉 decreases with the degree of
entanglement (x) between a pair of bosons.
B. Multi-level system: Realistic model
We consider a 3D isotropic harmonic trap which con-
tains an average of N cobosons. When a pair of bosons is
not entangled (x = 0), the effective number of the ground
state in Eq. (15) is given by
〈Nˆ0〉 = 1
Z0
∞∑
n=0
e−β(E0−µ)nn2 =
z(1 + z)
(1− z)2 , (21)
where z = exp(βµ) is the fugacity and E0 has been taken
to be zero. Compared with the Bose-Einstein (BE) distri-
bution where N0 = z/(1− z), the 〈Nˆ0〉 is always greater
than the BE distribution one. When a pair of bosons is
maximally entangled (x = 1), the 〈Nˆ0〉 is the same as for
BE distribution. This reaffirms the potential for BEC of
bi-bosons.
In Fig. 5 we plot the 〈Nˆ0〉 as a function of T/T0, for
bi-bosons exhibiting a range of entanglement values. The
〈Nˆ0〉 decreases with the degree of entanglement between
the two constituent bosons. As bi-bosons become less
entangled they behave more like a system of two inde-
pendent bosons. Hence at T/T0 ∼ 0, the 〈Nˆ0〉 is max-
imized as a decreasing function of entanglement. Using
Eq. (20), we derive the maximum condensate fraction at
x ∼ 0 as
〈Nˆ0〉x=0 = (1− e−1/N )
∞∑
n=1
e−n/Nn2 ≈ 2N2, (22)
where N is sufficiently large. In Fig. 5, we can also see
that the transition temperature decreases with increas-
ing entanglement. This reflects the fact that the 〈Nˆ0〉
decreases with the degree of entanglement. Therefore,
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FIG. 5: Effective number of ground state coboson
(〈Nˆ〉 = 100) in a multi-level system as a func-
tion of T/T0: from the bottom to the top (x =
0.9999, 0.99, 0.98, 0.97, 0.8, 0.7, 0.001). The small box on
the right-side corner represents the condensate fraction for
x = 0.9999, 0.99, 0.98, 0.97. Here x represents the degree
of entanglement for a pair of bosons. The curves are 〈Nˆ0〉
defined in Eq. (17), where the normalization ratio is given by
Eq. (7). It indicates that 〈Nˆ0〉 decreases with the degree of
entanglement (x) between a pair of bosons. Also, the corre-
sponding transition temperature as the point at which there
are no cobosons in the ground state, decreases with the degree
of entanglement (x).
similarly to the two-level system, we observe that the
〈Nˆ0〉 decreases as a function of entanglement between
the two constituent bosons.
We have never experimentally observed the phe-
nomenon of bi-boson BEC, but a BEC experiment has
been conducted using photons in an optical micro-cavity
[41]. Based on the techniques used to create a BEC from
photons, we look forward to observing future bi-photon
condensates in optical cavities.
V. CONCLUSION
It is known that the effective number of cobosons is
related to the level of correlation between the two con-
stituent particles. For the maximum level of correlation,
the effective number of cobosons is the same as the total
number of cobosons. For the weak level of correlation, the
effective number of cobosons is smaller (larger) than the
total number of cobosons while each constituent fermion
(boson) exhibits its own property.
Then we studied how much the coboson BEC deviates
from the behavior of a BEC comprised of ideal bosons, us-
ing a controllable parameter, i.e., entanglement between
the two constituent particles. We specifically considered
bi-fermions trapped in a 3D isotropic harmonic system.
By the Pauli exclusion principle between bi-fermions, we
found that the effective number of bi-fermions can be
smaller than the total number of bi-fermions, regardless
of system. Thus we demonstrated that the effective num-
9ber of bi-fermions in the ground state increases with the
degree of entanglement between a pair of fermions. Cor-
respondingly, we found that the transition temperature for
the 3D isotropic harmonic system, i.e., the temperature
at which all the bi-fermions moved to the excited states,
increased with increasing entanglement.
Furthermore, we discussed coboson BEC, where each
coboson is a bi-boson. Due to the bunching effect be-
tween the constituent bosons, the effective number of
bi-bosons can be greater than the total number of bi-
bosons. Thus it was shown that the effective number of
bi-bosons in the ground state decreases with the degree
of entanglement between a pair of bosons. Correspond-
ingly, the transition temperature for the 3D isotropic har-
monic system decreased with increasing entanglement.
When the entanglement between a pair of bosons becomes
sufficiently small, the bi-boson pairs are dissociated, in-
creasing the bunching effect in the effective number of bi-
bosons. Consequently the coboson operator is represented
by the direct product of each component field operator.
As further work, it would be interesting to study the
actual occupation number for cobosons and how entan-
glement between a pair of fermions (bosons) could affect
super-radiance in coboson BECs.
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Appendix: Near maximal entanglement between the
two constituent fermions in the 3D isotropic
harmonic potential
For near maximal entanglement between a pair of
fermions [x = 1 − δ (δ  1)], we can use the approxi-
mation χn+1/χn ∼ xn to analytically derive the effective
number for each energy level:
〈Nˆm〉 = (1 + 2δ)
eβ(Em−µ) − 1 −
eβ(Em−µ)2δ
(eβ(Em−µ) − 1)2 .
The total effective number of cobosons reads
N =
∞∑
m
1
eβ(Em−µ) − 1 [1 + 2δ(1−
eβ(Em−µ)
eβ(Em−µ) − 1)],
where m = mx,my,mz.
Using the relation β~ω = T0/(TN1/3) [39], the total
effective number of cobosons is given by
N =
∞∑
p=0
[(1 + 2δ)
1
2p
2 + 32p+ 1
eT0/(TN1/3)p+α − 1 − 2δ
( 12p
2 + 32p+ 1)e
T0/(TN
1/3)p+α
(eT0/(TN1/3)p+α − 1)2 ], (23)
where α = 3T0/(2TN
1/3)− βµ and p = mx +my +mz.
The coefficient, 12p
2 + 32p+ 1, originated from the energy
level degeneracy, i.e., p = mx +my +mz. The first term
of Eq. (23) is given by [39]
〈Nˆ〉1 ≡ 〈Nˆ0〉1 + ( T
T0
)3NF3(γ) +
5
2
(
T
T0
)2N2/3F2(γ)
+3(
T
T0
)N1/3F1(γ),
where 〈Nˆ0〉1 = 1/(eα − 1) and γ = α + T0/(TN1/3).
Fl(γ) ≡ 1(l−1)!
∫∞
0
du u
l−1
eu+γ−1 =
∑∞
p=1
eγp
pl
are the Bose
integrals. The second term of Eq. (23) is derived as
〈Nˆ〉2 ≡ e
α
(eα − 1)2 +
∞∑
p=1
( 12p
2 + 32p+ 1)e
T0/(TN
1/3)p+α
(eT0/(TN1/3)p+α − 1)2
= 〈Nˆ0〉2 +
∞∑
q=0
( 12q
2 + 52q + 3)e
T0/(TN
1/3)q+γ
(eT0/(TN1/3)q+γ − 1)2 ,
where q = p−1 to sum up from 0, and 〈Nˆ0〉2 = eα/(eα−
1)2. For small temperature, α is quantified as 1/N in
the finite N harmonic systems [39]. Since the states get
closely spaced in large N [39], the summation can be
replaced by an integral such that
〈Nˆ〉2 = 〈Nˆ0〉2 + 1
2
(
T
T0
)3N
∫ ∞
0
du
u2eu+γ
(eu+γ − 1)2
+
5
2
(
T
T0
)2N2/3
∫ ∞
0
du
ueu+γ
(eu+γ − 1)2
+3(
T
T0
)N1/3
∫ ∞
0
du
eu+γ
(eu+γ − 1)2 .
Then, it is represented by
〈Nˆ〉2 = 〈Nˆ0〉2 − ( T
T0
)3NF2(γ)− 5
2
(
T
T0
)2N2/3F1(γ)
−3( T
T0
)N1/3
dF1(γ)
dγ
.
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In the thermodynamic limit, which requires to increase
the volume of the system and the number of particles
while the average density is fixed, the Eq. (23) is derived
as
N = 〈Nˆ〉1 + 〈Nˆ〉2
≈ 〈Nˆ0〉+N( T
T0
)3[ζ(3) + 2δ(ζ(3) + ζ(2))],
where we considered Fl(γ) ≈ ζ(l) for small γ [39], and
〈Nˆ0〉 = (1 + 2δ)〈Nˆ0〉1− 2δ〈Nˆ0〉2. ζ(l) =
∑∞
p=1 1/p
l is the
Riemann zeta function.
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